The authors construct the trajectory attractor and global attractor for an autonomous two-dimensional non-Newtonian fluid.
Introduction and main result
In this paper we construct the trajectory attractor and global attractor for the following autonomous non-Newtonian fluid ∂u ∂t + (u · ∇)u + ∇ · τ = g(x), x = (x 1 , x 2 ) ∈ Ω, t > 0, (1.1) where Ω is a smooth bounded subset of R 2 ; the unknown function u = u(x, t) = (u 1 , u 2 ) represents the velocity of the fluid; g(x) = (g 1 , g 2 ) is the external force; and τ = (τ ij ) 2×2 , where τ ij = pδ ij − 2μ 0 ε + |e| and μ 0 , μ 1 , α, ε are parameters which in general depend on the temperature and pressure. In this paper we assume that the four parameters are positive. Equation (1.1) describes the motion of an isothermal, incompressible viscous fluid. In ( (here and below k = 1, 2) and n = (n 1 , n 2 ) denotes the exterior unit normal to the boundary ∂Ω. The first condition in (1.5) represents the usual no-slip condition associated with a viscous fluid, while the second one expresses the fact that the first moments of the traction vanish on ∂Ω; it is a direct consequence of the principle of virtual work. We refer to [1] [2] [3] [4] [5] [6] [7] and references therein for detailed background. There are many works concerning the unique existence, regularity and long time behavior of solutions to the above problem (1.3)-(1.6) or its associated version (see [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ).
For convenience, we introduce some spaces. Set
(·,·) denotes the inner product in H and ·,· stands for the dual pairing between V and V ; also, we set H η = (− ) −η/2 H (η 0 and the Laplace operator is taken with zero boundary conditions u| ∂Ω = 0) and use H −η to denote the dual space of H η . In the whole paper, we take 0 < η 2 and thus the embedding H → H −η is compact. By excluding the pressure p, we can rewrite the weak version of (1.3)-(1.6) in the solenoidal vector fields as follows (see [6, 14] ):
The operators A, B(·) and N(·) appearing in (1.7) will be introduced in Section 2.
Nowadays, much attention has been paid to the study of the dynamical systems (see [19, 20, 26, 27] ). In book [19] Temam studied systematically the notation of global attractor, as well as many concrete autonomous equations arising in mathematical physics. Later on, Chepyzhov and Vishik [20] presented a general method to construct the trajectory attractor and global attractor for the non-autonomous systems, even in the absence of uniqueness of solution. With the notation of global attractor (see [19] ), Li and Zhao established the existences of L 2 -compact and H 2 -compact global attractors for the solution operator semigroup corresponding to (1.7)-(1.8) when g ∈ H and the parameter α ∈ (0, 1) (see [15] [16] [17] ). The aim of this paper is to construct the trajectory attractor and global attractor for system (1.7) when g ∈ V and α > 0.
To state our main result clearly, we introduce some notations. Firstly, we specify the definition of solutions to problem (1.
, together with its derivative ∂ t u(t), satisfies (1.7) and (1.8) in the sense of distributions in D (0, T ; V ) (see [25] ). We can prove by using Galerkin method that the Cauchy problem (1.7)-(1.8) has at least one solution
and satisfying the following energy equality 9) in the following sense:
In this paper, we use Π + to denote the restriction operator (with respect to time variable) to the semi-infinite interval R + . Analogously, Π T stands for the restriction operator to the inter-
We will study the translation semigroup {S(t)} t 0 acting on the space T + in the positive semi-axis according to the formula:
and Π + u(· + h) ∈ T + holds for ∀h ∈ R, then we say u(t) is a complete trajectory of Eq. (1.7) with t ∈ R. The union of complete trajectories of Eq. (1.7) with t ∈ R is called the kernel of Eq. (1.7) in the space L ∞ (R; H ) and we use K to denote the kernel in this paper. If B ⊂ T + , then B(t) = {u(t): u ∈ B} ⊆ H is called the section of B at time t 0. Similarly, we define K(t) = {u(t): u ∈ K} ⊆ H . 
The main result of this paper reads as follows.
Then the non-Newtonian system (1.7) possesses a trajectory attractor
is the minimal set ( for the inclusion relation) among those satisfying (1) and (2).
Remark 1.1. When 0 < α < 1, [6] showed that the Cauchy problem (1.7)-(1.8) with initial data u 0 ∈ H is uniquely solvable. But here we only assume that α > 0. In this case, it is unknown whether the solution of problem (1.7)-(1.8) is unique. This is caused essentially by the nonlinear term N(·) in the equation. However, we can obtain at least one weak solution by Galerkin method when u 0 ∈ H . That is why we study the trajectory attractor and global attractor, instead of the classical global attractor (see [19] ).
Throughout this paper we use the standard notation of vector-valued function spaces (see [21] ) and their norms. We denote by
If we identify the dual space H with H itself, then V → H = H → V with compact embedding. " →" means the embedding between spaces; " " and "→" mean weak convergence and strong convergence, respectively. In addition, the summation convention of repeated indices is used in the whole paper.
Notations and preliminary results
Firstly, we introduce some operators and put problem (1.3)-(1.6) into the form of (1.7)-(1.8). Set
Lemma 2.1. [14] There exist positive constants C 1 and C 2 such that
By Lemma 2.1 we see that a(·,·) defines a positive symmetric bilinear form on V . Applying the Lax-Milgram lemma we obtain an isometry operator A ∈ L(V , V ) via
Secondly, we define a continuous trilinear form
and define N(u) as
Proof. The assertion of this lemma can be found in [15, 16] . 2
With the above notations, the weak version of (1.3)-(1.6) can be put into a functional equations in L 2 (0, T ; V ) (∀T > 0) in the form of (1.7)-(1.8) (see [6, 14] Lemma 2.3 below) . Therefore, the initial condition (1.8) with u 0 ∈ H makes sense.
We next introduce a basic theorem concerning the existence of trajectory attractor for an abstract evolution equation. Let E 0 , E be two Banach spaces such that E ⊆ E 0 . We study the solution
We denote the family of solutions of (2.6) by T + (trajectory space) and assume that
. We also assume that T + is translation invariant in the sense: for ∀u(·) ∈ T + and ∀h 0, there holds u(· + h) ∈ T + . Now we introduce some notations that are similar to that introduced in Section 1. If a function u(t) (t ∈ R) belongs to C(R; E 0 ) ∩ L ∞ (R; E) satisfying: Π + u(t + h) ∈ T + holds for ∀h ∈ R, then we say u(t) is a complete trajectory of Eq. (2.6) with t ∈ R. The union of complete trajectories of Eq. (2.6) with t ∈ R is called the kernel of Eq. (2.6) in the space L ∞ (R; E). If B ⊂ T + , then B(t) = {u(t): u ∈ B} ⊆ E is called the section of B at time t 0. Similarly, we define K(t) = {u(t): u ∈ K} ⊆ E.
The following basic theorem was proved in [20, 22, 23] . 
where p > 1, with the norm
Existence of absorbing set
In the sequel, T + denotes the trajectory space of Eq. (1.7). In this section we first show some estimates for any trajectory u ∈ T + , then we prove the existence of absorbing set and thus obtain the existence of attracting set for the translation semigroup {S(t)} t 0 in T + . We remark that a set Λ satisfying property (iii) of Definition 1.2 is called an attracting set of {S(t)} t 0 in T + .
By the previous results and definitions, we easily get the following conclusion.
Lemma 3.1.
(i) For any u 0 ∈ H , there exists a trajectory (maybe not unique) u(t) ∈ T + such that u(0) = u 0 ; (ii) T + is translation invariant under the acting of the translation semigroup {S(t)} t 0 , i.e.,
S(t)T
+ ⊆ T + , ∀t 0. (3.1) Lemma 3.2. T + ⊆ C loc (R + ; H −η ) ∩ L ∞ (R + ; H ).
Proof. On the one hand, for ∀u(·) ∈ T + , it is clear that u(·) ∈ L ∞ (R + ; H ).
On the other hand, using Lemma 2.2 and Eq. (1.7) we see that
Since H → H −η ⊆ V and the embedding H → H −η is compact, we infer from Lemma 2.3 that u(·) ∈ C loc (R + ; H −η ). The proof of this lemma is completed. 2 Lemma 3.3. For any trajectory u ∈ T + , there exist positive constants C, C 0 , R 0 , and β, which are independent of u, such that Since the third term on the left-hand side of (3.3) is non-negative, we have by Lemma 2.1 that
hereafter the constant C 1 comes from Lemma 2.1. Clearly, we have 
N (u(s)), u(s) ds, we infer that
holds for ∀ψ(s) ∈ C ∞ 0 (R + ), ψ(s) 0. At this stage, we need the following lemma which was proved in [20] . We continue to prove Lemma 3.3. Applying Lemma 3.4 for
Lemma 3.4. Let y(s), K(s)
we get
Using (3.5) and (3.7) we easily get
where
is independent of u. Then it follows from (3.4) and (3.8) that 9) where
are both independent of u. According to the definition of B(u), we use (3.8) and (3.9), as well as Hölder inequality, to obtain 10) where C 4 = C 3 R 1 + R 2 and R 3 = R 1 R 2 are both independent of u. Similarly, we have 
where C 6 = 2μ 1 C 3 + C 4 + C 5 and R 5 = 2μ 1 R 2 + R 3 + R 4 + g V are both independent of u. Using (3.8), (3.9) and (3.12), we obtain (3.2). The proof is completed. 2
We next use the estimate obtained in Lemma 3.3 to construct the attracting set for {S(t)} t 0 in T + .
Lemma 3.5. There exists a bounded (in the norm of L
where R 0 is the positive constant comes from Lemma 3.3. We shall prove that Λ is a bounded absorbing set (thus is a bounded attracting set) for the translation semigroup {S(t)} t 0 . Indeed, let B be a bounded (in L ∞ (R + ; H ) norm) subset of T + . Then from (3.2) we infer that for ∀u ∈ B ⊂ T + , there exists a
and we get S(t)B ⊆ Λ, ∀t t 0 , which implies that Λ is an absorbing set for {S(t)
The proof is completed. 2
Trajectory attractor and global attractor
Before proving our main result, we establish the following lemma.
Lemma 4.1. Let {u n } be a bounded (in the norm of L ∞ (R + ; H )) sequence in T + and there exists a function u * ∈ C loc (R + ; H −η ) such that
Then u * ∈ T + .
Proof. We need to show that u * ∈ L ∞ (R + ; H ) ∩ L 2 loc (R + ; V ), and for ∀T > 0, Π T u * (t) is a weak solution of (1.7) on the interval [0, T ] satisfying the energy equality (1.10). Indeed, since {u n } ⊂ T + and is bounded in L ∞ (R + ; H ), by (3.2) we conclude that {u n } is bounded in L 2 loc (R + ; V ) and {∂ t u n } is bounded in L 2 loc (R + ; V ). Using the diagonal procedure we deduce that there exists a function u ∈ L ∞ (R + ; H ) ∩ L 2 loc (R + ; V ) and a subsequence {u n } of {u n } such that
Obviously, ∂ t u ∈ L 2 loc (R + ; V ). By Lemma 2.3 we obtain Π T u ∈ C([0, T ]; H −η ) since the embedding H → H −η is compact. From (4.1) and the uniqueness of limit we have u = u * . Next we verify that Π T u * is a weak solution of (1.7) on the interval [0, T ] satisfying (1.10). To this end, we prove the following relations:
, we obtain by using (4.2) and by the definition of the operator A that
where we use the fact Aφ ∈ L 2 (0, T ; V ). At the same time, using (4.2) and the compact embed-
Applying Hölder inequality, Gagliardo-Nirenberg inequality and (4.9) we get
here c is a constant which is independent of u n and u * . Similarly we have 
Remark 4.2.
We can use the method here to obtain the similar conclusion for this autonomous three-dimensional non-Newtonian fluid. Also we can construct the uniform trajectory attractor and global attractor for this non-autonomous non-Newtonian fluid.
